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We discuss the generalization ol the Callan-Klebanov model to the case of heavy quark baryons. 

The light flavor group is considered to be SU{3) and the limit of heavy spin symmetry is taken. 

^^ ■ The presence of the Wess-Zumino-Witten term permits the neat development of a picture , at the 

0^ ' collective level, of a light diquark bound to a "heavy" quark with decoupled spin degree of freedom. 

O^ , The consequences of SU{3) symmetry breaking are discussed in detail. We point out that the SU{3) 

mass splittings of the heavy baryons essentially measure the "low energy" physics once more and 

P5 ' that the comparison with experiment is satisfactory. 
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I. INTRODUCTION 

A natural method for describing a baryon containing a single heavy quark in the "soliton picture" is to consider the 
heavy baryon to be a bound state of a heavy-meson and a light "baryon as soliton" . This was extensively applied by 
Callan and Klebanov H] and others M to the case where the K-Taeson is considered heavy. A fairly literal transcription 
of this approach was given for the charm and bottom baryons too O] . More recently , it has been recognized that it 
is necessary to take into account the Isgur-Wise heavy spin symmetry y| when dealing with the chiral interactions 
of the heavy mesons. This feature was then incorporated , with somewhat different results, by two groups MM- In 
the present paper , we will study further a possibly simpler method 0] , based on an explicit presentation of the 
ansatz for the "classical" bound state. It was also noticed in m that the effect of including light vector mesons in the 
underlying chiral Lagrangian was important for estimating the semi-classical binding energy. 

The new points here are mainly concerned with generalizing the treatment of ref. M to light SU{3) so as as to 
be able to treat heavy baryons with strangeness. A surprising feature is that this generalization actually simplifies 
the procedure. The reason is the existence of the Wess-Zumino-Witten (WZW) term H in the light SU{3) case but 
not in the light SU{2) case. We will see that the interplay of the WZW term and the heavy meson kinetic term 
gives an important constraint on the allowed states of the collective Hamiltonian. What emerges is that the collective 
Hamiltonian describes a bosonic ( light diquark) rotator in addition to a decoupled ( in the heavy spin symmetry 
limit ) spinor representing the heavy quark. The heavy quark symmetry is then essentially manifest and the entire 
treatment is rather simple. It is amusing that, although the underlying Lagrangian is a theory of mesons, the collective 
picture looks quark-like. Of course this is implicit in [y , but here it will be seen to follow in a particularly neat way. 

We will also use this formalism to discuss the SU{3) mass splittings of the heavy baryons. It seems natural to do 
so in the limit of heavy spin symmetry. This is because the heavy spin splittings vanish as the heavy quark mass, 
M —f oo, in contrast to the SU{3) splittings which remain finite in this limit. The physics which is being probed 
by these mass splittings is very similar to that determining the mass splittings of the light baryons. In the latter 
case, a treatment pi based on lowest order perturbation theory is inadequate, as may be seen by a comparison with 
the exact diagonalization of the collective Hamiltonian ||lO[ . It was pointed out [|ll[ that second order perturbation 
theory does provide an adequate approximation to the exact solution and that is what will be used here. While it 
would be most desirable to compare our predictions with data on the bottom baryons, there is, at present, sufficient 
reliable information only for the charmed baryons. Comparing our results with the likely experimental J^ = ^ 
states Ac, Ec, Sc and fie, gives values for the basic coefficients of the collective Hamiltonian which are reasonably 
close to those obtained from studies of the light baryon spectrum. We also predict the mass of another expected Sc 
state and note that, in the limit of heavy spin symmetry, it should not mix with the already observed one. 

For the reader's convenience, the underlying fields and chiral Lagrangians are briefly reviewed in section II. Both 
the Lagrangians with and without vector fields are given since the form of the SU{3) invariant collective Lagrangian is 
the same in each case. In section HI, the classical soliton solution for the light meson fields as well as the heavy meson 
bound state ansatz are listed. It is noted that a putative J^ = ^ heavy quark baryon analogous to the A(1405) is 
unbound ( in the heavy spin symmetry limit) in the model with pseudoscalars only. If vectors are included, such a state 
might be weakly bound, but this depends crucially on a poorly known heavy meson-light vector coupling constant. 
The discussion of the collective mode quantization and its interpretation is given in section IV. Furthermore, the low 
lying SU{3) multiplets of heavy baryons are identified and discussed. In section V we introduce the SU{3) symmetry 
breaking and find its effects on the heavy baryon mass splittings. We note the fact that SU{3) symmetry breaking 
among the heavy mesons has a rather small effect at the collective Hamiltonian level; it is the light pseudoscalar 
meson breaking which actually dominates the heavy baryon splittings. 

II. THE MESON FIELDS AND THE CHIRAL LAGRANGIANS 

In this section we briefiy summarize the SU{3) chiral Lagrangians under consideration. The total action consists 
of a "light" part describing the first three fiavors (namely u, d, s) and a "heavy" part which describes the "heavy" 
multiplet H and its interaction with the light sector: 

Te// — flight + d X Cheavy ■ (2.1) 

The relevant light fields belong to the 3x3 matrix of pseudoscalars, (p, and to the 3x3 matrix of vectors, p^. It is 
convenient to define objects which transform simply under the action of the chiral group. 
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F^^u = d^py - d^Pf^ - ig[pf_„py], 



(2.2) 



where F^ r::.132 GeV and g w 3.93 for a typical fit. 

The interactions of the heavy meson fields can be encoded in a compact way by using the so-called "Heavy Super- 
field" [|2| which combines the heavy pseudoscalar P' and the heavy vector Q' both moving with a fixed 4- velocity 
V„, : 



H 



1 - h^^Vf, 



ih^P' + il.Q',), H = 74H^74- 



(2.3) 



In our conventions the supcrficld H has the canonical dimension one. It is a 4 x 4 matrix in the Dirac space and it 
also carries an unwritten fiavor index for the light quark bound to the heavy quark. The chiral interactions of H with 
the light pseudoscalars were discussed in |13| . The inclusion of the light vector mesons were given in ||14| , |l5| . Here we 
follow the notations of ref. Ilj] . 

Using ( p. 31) , Cheavy Can be simply written as, 

^^ = tV^Tr [H {d^ - ia~gp^ - i[l - a)v^,) H] + id Tr [Hj^j.p^H] + ^ Tr [Hj^j,F^Ap)H] , (2.4) 

where niy « 0.77 GeV is the light vector mass and 



v^,p,^-iid^e±^^d^.O- 



(2.5) 



Furthermore M is the heavy meson mass and a,c,d are dimensionless coupling constants for the heavy-light interac- 
tions. It seems appropriate not to include terms in ( 2^ ) which arc higher order in -^ or contain more derivatives of 
the light meson fields. 

The action involving the light pseudoscalar and vector mesons, Tught, can be written as the sum of a usual piece, 



Jd'x ^-^Tr{d,Ud,U^) \Tr {F,Ap)F,Ap)) " ^Tr [{gp, - v,)'] 



(2.6) 



and a piece proportional to the Lcvi-Civita symbol. The latter is most conveniently written, using the differential form 
notation, in terms of the one- forms a^ = df^UW — + a and Aj;^ ~> A^: 



ici{A^a-^) + C2{dA^aA^ - A^adA^ + A^aA^a) + C3{~2i{A^ya + -A^aA^a} 
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^wzw + Tr 
where the Wess-Zumino-Witten term H is given by, 

^wzw = — 



807r2 



Tr (a^). 



(2.7) 



(2.8) 



M^ 



Note that the ci,C2,C3 terms in (2.7) perform the function of stabilizing the Skyrme soliton in this model. More 
details are given in pa (wherein g is denoted by g). 

We shall also consider here a simpler light Lagrangian in which the vectors are absent. ( In this case the constants 
a and c in (2.4) should also be set to zero). We then have the standard SU{3) Skyrme model. 
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(2.9) 



wherein e is the Skyrme constant. 

The discussion of SU{3) symmetry breaking terms is deferred to section V. 



III. BARYON STATES AT THE CLASSICAL LEVEL 

Following the Callan-Klcbanov strategy m , we first find the classical solution of Tught and then obtain the classical 
approximation to the wavefunction in which this "baryon as soliton" is bound to a heavy meson ( yielding a heavy 
hyperon ). To avoid confusion we remark that whereas the original approach ffl] dealt with a two-flavor light action 
and considered the strange quark as "heavy" , in the present work we are dealing with a three-flavor light action, 
considering the strange quark as light. When one improves the treatment of flavor symmetry breaking for the SU{3) 
soliton one obtains results for the strange hyperons of comparable accuracy to those of the Callan-Klebanov approach. 

The "hedge-hog" ansatz for the classical light baryon in the SU{3) case simply corresponds to embedding the 
two-flavor ansatz as follows : 

expf[*.TF(r)] 0\ ^ ^^.^^ 

In a model with vectors present, we have similarly the classical solutions. 



with ( see M] for example ), 



r:-eikaXkG{r), pg^ = 0, 



"'^ V2~gr 

u!ic = 0, uJoc = uj{r). (3.3) 

The boundary conditions for a finite energy light baryon are 

F{0) = -vr, G(0) = 2, lu'{0) ^ 0, 

F{oo) ^ G{oo) = w(oo) == 0. (3.4) 

For describing the soliton-heavy meson bound state it is convenient to define the grand spin G as the sum of isospin 
and the angular momentum : 

G = I + J (3.5) 

In R] it was found that the attractive channel for the ordinary hyperon, treated as a bound state of the nucleon-as- 
soliton and the kaon, was the one with orbital angular momentum I = 1 and this was combined with the kaon isospin 
to give G — ■^. In our previous work M, it was shown that the same situation persisted in the heavy meson- nuclcon 
bound state. In this case it is more intuitive to think of the heavy meson as being at rest an d t he soliton bound to 



it. When the heavy meson is at rest {Vi = 0) the 4x4 matrix heavy superfield H given in (^^) has non-vanishing 
elements only in the lower-left 2x2 sub-block: 

H=(4°). (3.6) 

The first lower index / of the submatrix H^^ represents the spin of the light degrees of freedom within the heavy 
meson, while the second lower index h represents the spin of the heavy quark. The wavefunction for the heavy field 
is then written as 




'r)bm<^imu{r)xh if 6== 1,2 
if 6^3 



(3.7) 



This represents an embedding of (3.1) of H] into the three dimensional representation of SU(3). The radial wave- 
function u{r) is taken in the classical approximation to be localized at the origin, r^|u(r)p « 5{r). Clearly, this is 
reasonable at the limit M — > oo. Note that the quantity x represents the angular part of the spatial wave function 
and the first factor couples it to the isospin index b to give G — ^. In turn, this is coupled to the light spin index I 
with the Clebsch-Gordan coefficient -j^f-im to give G = Q. Finally , h is left uncoupled (as appropriate to the heavy 

spin symmetry )to give the desired net result G = 2 -The two-component heavy quark spinor Xh (which was implicit 
in (3.1) of [0) basically carries the heavy spin. 



Substituting the ansatz (B.7) into Cheavy in (2.4) yields a classical binding potential (Vo 
(4.3) of §, 



Vo = --dF'{Q) 



j£,G"(0)-^c^(0). 



/ (fx Cheavy) givCU in 



(3.8) 



Information about the light-heavy coupling constants d and c can be obtained from the semileptonic D —i- K and 
D -^ K* transitions respectively. This implies that the first two terms of ( ^.8D are negative, suggesting that Vq is also 

(see section V of [Q ) as well as 



negative. Indeed, taking into account the effect of the quantum fluctuations on (3 



estimates based on semi-leptonic data gives an approximate fit ( see eq.(2.15) of [|17[) : 

d = 0.53, c=1.6, a ^-2. 



(3.9) 



This value of a makes the third term of (3 



^ negative also. Hence, the ansatz (3.7) leads to attraction. This evidently 

also holds in the mo del with pseudoscalars only, in which just the first term of ( |3.§| ) is kept. We note, however, that 
the numbers in (3.9) should be regarded as preliminary in nature. 



Other ansatzae for H do not necessarily lead to attraction. Consider, for example, the possibility. 



Tja 



f^iaw{r)Xh if a = 1,2 







if a = 3 



(3.10) 



which corresponds to a zero orbital angular momentum state with G 



This would be a heavy analog of the 



A(1405) J^ = i hyperon. Substituting (3.1C|) into (2.4) gives the binding potential 



V,{J^^'- )-^F'{0) 



ag 



grriv 



-G"(0)-^c.(0) 



(3.11) 



which should be contrasted with ( |3.8| ). We note that the first two terms, corresponding to n and p exchange interac- 
tions, are both positive (repulsive) in this channel while the third term, corresponding to the to exchange interaction, 
is attractive. Evidently, there is no binding in the model where only pseudoscalars are included. In the full model, 
using (3^) above and (4.5) of 0, ( 3.11 ) equals -0.10 GeV whereas the bound state case (3^) equals -1.77 GeV ( to 
which an important quantum fluctuation term should be added ). Hence, the ^ channel would seem to be rather 
weakly bound as a result of the lo term just managing to overcome the tt and p terms. However, the estimate for a is 
rather crude and the true situation is not really clear. An experimentally observed ^ heavy baryon near threshold 



would support the negative sign of a in (3.9). Note that, as previously mentioned | ]l4| , a natural notion of light vector 
meson dominance for the light-heavy interactions would suggest a = +1. Callan and Klebanov [Q do find the A(1405) 
as a bound state but their model is different, as they do not assume heavy quark symmetry and they do not include 
light vector particles. 



IV. COLLECTIVE MODE QUANTIZATION 



In the soliton approach, the particle states with definite rotational and flavor quantum numbers do not appear until 
the so-called "rotational collective modes" are introduced and the theory is quantized. This is conveniently done 111] 
by first finding the time independent parameters which leave the theory invariant. Then those "collective" parameters 
are allowed to depend on time . Specifically, we set 



^(x,i) = A(i)Cc(x)At(t), p^(x,i) = A(i)p^,(x)At(t), 

i7(x,t)=A(t)i?,(x), 



(4.1) 



where the "classical" bound state wavefunction He is to be taken from (3.7). Here A(t) is an SU{3) matrix which 
acts on the isospin index of H. A is conventionally considered as a matrix of angle-type variables; generalized angular 
velocities flk arc defined by 






(4.2) 



fc=i 



where the Xk are the usual Gell-Mann matrices. Now substituting (HjJ) into the total effective Lagrangian (2.1) and 
performing a spatial integration eventually yields the following collective Lagrangian: 



Lcoii = -A4 - (M + Vo)P + Y E ^'^^ + T ^ ^'^' ' ^^' + ^"sX^X^- (4.3) 

Here, Mc is the classical soliton mass, a^ is the ordinary moment of inertia and /3^ is the "strange" moment of inertia. 
Expressions for these quantities are given in p9| for the full model including the vectors and in [Effl for the minimal 
SU{3) Skyrme model containing the pseudoscalars only. The factor P is a projection operator onto the the heavy 
baryon subspace of the theory and appears in those terms in the coll ecti ve Lagrangian which originate from terms 
involving the heavy fields. Vq is the classical binding energy given in (|3.8| ). (Actually the quantum corrections to Vq 
discussed in section 1^ of |7| are also important. ) The last term in (|4.3| ) comes from the heavy meson kinetic term 
iVfj, Tr{Hdfj,H) ; we have included in it a factor x^X = ^hh' pertaining to the heavy spin indices which makes manifest 



the fact that the heavy spin index in (3_^) has not been summed over in arriving at this term. Thus the heavy spin 
represents a dynamical degree of freedom of the collective Lagrangian. The fact that the particular value of the heavy 
spin is not communicated to the soliton variables is a reflection of the underlying heavy quark symmetry. This means 
that a term of the form 

n ■ xVx, (4.4) 

can not appear in the present model, which represents a substantial difference from the Callan-Klebanov paper [fl. 
Notice that the the form of Lcoii is the same regardless of whether or not the light vector mesons are included. 
However, the specific values of the numerical parameters then differ. 



The next step is to quantize (4.3). The canonical momenta ( for an implicit parametrization of the matrices A) 
may be taken as : 



For k = 1, 2, • • • , 7, (4.5) yields true dynamical momenta. However, for k = 8 one gets 

for light baryons 




for heavy baryons. 

The above numerical difference together with the presence of the the heavy quark spin degree of freedom are the 
main differences between the the present heavy baryon case and the usual light baryon case. Hence we can make use 
of the usual quantization pl| ] of the SU{3) Skyrme model. An operator _/?§ which obeys the canonical commutation 
relations can be introduced but we must demand a la Dirac, the following constraint on the allowed states | ) of 
the model : 

-^Rsl > = (J, ^{ for light baryons 

^^3 ' ' 1^ 1 1 ), tor heavy baryons. ^ ' 

Then the i?'s can be seen to obey an SU{3) algebra [Ri,Rj] = —ifijk.Rk- The spatial components R (i.e. for 
i = 1,2,3) can be identified as rotation generators for the soliton rotator while the quantity -j^Rs in (Pj) is a 
conventionally normalized hypercharge generator. We also define "left" generators Lj — Djk{A)Rk, where the adjoint 
representation matrix Djk {A) can be written as 

D,k{A)^]^Tr{\,A\kA^). (4.8) 

They obey a separate SU{i) algebra [Li.Lj] = ifijkLk and can be identified as SU{'i) flavor generators. Note that 
X]m=i LrnLm — X]n=i RnR-n- The collectivc Hamiltonian is 

H^ou = M, + (M + V^)P +\{^- -^)R' + i E C - l^Rl (4-9) 



which can be written as 



2'a2 p2' ■ 2/32 ^1^ " 2/32 

771=1 



1.1 1 . , ., .. 1 „ .„,w„. . 1 



H^ou = M, + (M + V^)P + ^(-j - ^)Js{Js + 1) + ^C2(5(7(3)l) - ^Rl (4.10) 



where Js is the sohton angular momentum and C2{SU{3)l) is the SU{3) quadratic Casimir operator. Irreducible 
representations of 5*^7(3) may be specified by a traceless tensor with p symmetric quark type indices (say,upper) and 
q symmetric anti-quark type (say, lower) indices. Then, 

C2{SU{3)) = i(p2 +pq + q') + {p + q). (4.11) 

It is evident that Hcoii is SU{3) flavor invariant. For the light baryon subspace, the space of the "angular" 
wavefunctions is spanned by SU{3) representation matrices D^'^'{A), where fi denotes the irreducible representation 
under consideration. With conventional 123] normalization the light baryon wavefunctions are : 

^uMl^^yils, JJslA) = {-iy-'-^./dm^ D^Yj*i..Y^J, -jM)- (4-12) 

The composite indices were labelled in accordance with the fact that the flavor generators Lk act on the left composite 
index while the generators Rk, which include the space rotati on on es, act on the right composite index. It is crucial 



to note that the constraint (4.7) implies that the index Yr in (4.12) must be set equal to 1. In turn, this implies that 



only those irreducible representations {/i} are allowed which contain a state with Y — +1. Such states, as w e wil l 



see below, have half odd-integral spin and so must represent fermions. The rotational spin of the wavefunction (4.12) 
equals the iso-spin of the desired state belonging to {/^} which has Y = \ 



The heavy baryon wavefunctions may be constructed analogously. Due to the constraint (4.7), now the angular 
wavefunction must have Yr = |. In this case, the allowed £''^)(yl)'s must have integral spin, since SU{'i) states with 
y = I necessarily have integral iso-spin. To see this, let us consider a (p, q) tensor component described above which 
has n,;=the number of ith-type quark indices minus the number of ith-typc antiquark indices, where i = u,d, s. Such 
a state is labelled by 

y = i(n„ + nd-2n,). (4.13) 

Substituting Y ~ | into the last equation above gives n^ + Ud = 2(1 + n^). Subtracting 2nd from both sides finally 
yields 

h ^ I + ris ~ Ud ^ integer. (4-14) 



(If we had substituted Y — 1 into (4.13) we would have obtained h = ^ + {ug — Ud) — ^ odd integer). The fact 



that D^f^^A) has integral spin meshes perfectly with the need t o in clude in the overall heavy baryon wavefunction 



the Pauli spinor Xh, which remains in the collective Lagrangian (4.3) ( even though it decouples in accordance with 



the heavy quark symmetry ). Now, we can write the heavy baryon wavefunction as 



2 
h=l 

wherein Jg and Ms are the soliton spin and its z-component while the first factor on the right-hand side is an ordinary 
SU{2) Clebsch-Gordan coefficient. Notice that for a given Jg there are two possible values of the total spin J = Js ± i 
which yield degenerate states of Hcoii- These two states comprise a heavy quark spin symmetry multiplet. This 
symmetry is essentially manifest in the present treatment. 

It is interesting to observe that, even though the starting model describes the interactions of heavy and light mesons, 
at the collective level a picture more like the quark model emerges; namely, a heavy quark spinor is compounded with 
a light diquark wavefunction D^'^'{A). This picture is not a matter of choice but is forced upon us by the constraint 



in (4/7). This constrain t res ults from the presence of both the three flavor Wess-Zumino-Witten term (which gives 



term in (4.3)) 



the next to last term in (4.3) ) and the heavy field kinetic term with the "classical" ansatz (3.7) ( which gives the last 



Now let us apply this approach to the low lying baryons. The simplest SU{3) multiplet with a, Y — ^ member is 
the {3} ( with {p,q) — (0, 1)). Its (Y,I) content is {(|,0), (— ^ i)}. Since the Y = ^ state has / = we conclude 



that the soliton spin Jg — 0. Combining this with the heavy quark spinor in ( 4.15 ) yields net spin ^ baryons, which 
are denoted {Aq, Sq(3)}. The subscript Q indicates that one s-quark in the ordinary hyperon has been replaced by 
the heavy quark Q. 



The next simplest SU{3) multiplet with aY — ^ member is the {6} ( with {p,q) = (2,0)). Its {Y,I) content is 
;|,l),(-i,i),(-|,0)}. Since they = I 



{(|, 1), (— |, i), (— |, 0)}. Since the Y — ^ state has / = 1, we conclude that the soliton spin Js = 1. Combining this 



with the heavy quark spinor in (pTq) yields degenerate multiplets with net spins J — 2 ^-"^^ §■ These are denoted as 
{SQ,SQ(6),nQ} and {S^,S^(6), 17^} respectively. 

The fifteen states mentioned are all the low-lying (s-wave ) baryon states in the quark model containing a single 
heavy quark. In the limit of exact flavor SU{3 ) symmetry it is easy to evaluate the mass splittings by acting with 



Hcoii given in (4.10) on the wavefunction (4.15). For example, one can readily see that 



m(6,i)=m(6,^), (4.16) 



smce 

2 / 1 1 7 \ 2 



(^Af-i i m) + (^mIi -i 



m; -1- 



we find 



Eq.(4.16) is just the expression of heavy quark symmetry. In addition, using 6*2(3) = | and C2(6) = 4^ from (4.11) 



m(6)-TO(3) = ^. (4.17) 



Similarly treating the light baryons using (4.10|) we find 



3 

2~2 



m(A) - m(N) = — ^ (4.18) 



where A and N stand for the usual decuplet and octet baryons. From the last two formulas we get the structural 
relation, 

2 

to(6)-to(3) = -[m(A) -m(7V)]. (4.19) 

o 



Not surprisingly, (4.19) agrees with the SU{2) relation given, e.g. in p,[7|, where it was noted to be reasonably well 



satisfied experimentally for r7i(Sc) — m{Ac). 

V. SU{3) SYMMETRY BREAKING 

In this section we will use perturbation theory to discuss the mass splittings within the heavy baryon SU{3) 
multiplets mentioned in the last section. We restrict ourselves to the limit of degenerate heavy quark spin multiplets. 
Of course, the spin splittings (between states of the same flavor) should vanish as M — + 00. In contrast, the flavor 
splittings within a multiplet of given spin should not vanish as M — > cxd and thus are a characteristic feature of the 
present model. 

At the level of the fundamental QCD Lagrangian the flavor splittings are induced by the light quark mass terms, 

^mass = -rhqMq, (5.1) 

where q is the column vector of u, d, s quark fields, rh ~ ™"1'™'' and Al is a dimensionless, diagonal matrix which 
can be expanded as follows, 

M^yXi+T + xS, (5.2) 

with A3 = diag (1, —1, 0), T = diag (1, 1, 0), and S = diag (0, 0, 1). x and y are the quark mass ratios, 

771, TO,, — TO,rf 

It will be assumed as usual that all the effective symmetry breaking terms are proportional to A^. In ref. 123] it was 
shown that a rather detailed fit to both the light pscudoscalar and light vector systems required six different terms - 
three quark-line rule conserving terms for the pseudoscalars and three analogous terms for the vectors. For simplicity, 
we shall keep here just the dominant term involving only the pseudoscalars : 



-SB 



S' Tr[M{U + U^ - 2)] + 



(5.4) 



where S' « 4.04 x 10"'"^ 
by assuming y = 0. Eq 



GeV^ 



31.5 and y 



'0.42 |23]. We shall also neglect the small isospin violation 



(5.4) may alternatively be regarded as an ap propriate symmetry b reak ing term for the 
minimal SU{3) Skyrme model with pseudoscalars only, as given in eq.(2.£). The contribution of (5.4) to the collective 
Lagrangian is obtained by substituting eq. (4.1) and the result is, 



tSB 
^coll 



WttS- 



- [3 + (x - 1)(1 - DssiA))] I r^dricosFir) 



(5.5) 



where D88(^) is defined in (4.8). Conventionally |U0|, the term with the overall factor of 3 is included in Me- 
lt is reasonable to expect that the effective symmetry breaking terms for the heavy meson multiplet H (in (pT^)) 
should also influence the heavy baryon mass splittings. The leading term of this type has the form [p3: 



C sB,h - eM [tr {H^M^H) + h.c] 



(5.6) 



The parameter e may be obtained in terms of the mass difference between the strange heavy meson and the non-strange 
heavy meson, 



Ms - M 
2(a:-l)' 



The charmed meson case yields 



m{D+*) - m{D+*) = m{D+) - m{D+) = lOOMeV 

which is accurat e up to 2%. Evidently, the heavy quark spin prediction, implicit in 
contribution of (5.6) to the collective Lagrangian is obtained with the substitutions 
spatial integration : 

LcoiF = j[{2 + x) + {l- x)DssiA)] P + . . . 

where the projector P maps into the heavy baryon subspace as u sual . 

We shall take the sum of terms proportional to Dgg,{A), from ( |5.5| ) and 
which transforms like Ag in the flavor space ): 



(5.7) 



(5.8) 

^, wor ks q uite well. The 
.11) and (3.7) followed by a 



L' = -H' 



-tDs8{A), 



'^light ~r '^heavy-i 



(5.9) 



|5.9|), as our perturbation operator, H' ( 



(5.10) 



where T^eavy = h{Ms — M) w 0.034 GeV . Tught depends on the soliton profile P(r), as can be seen from (5^), and 
is se nsiti ve in its details to the parameters of the light effective Lagraiigian (e.g . the value of the Skyrme parameter 
e in ( pTg] ) ). Typical values for Tught are in the —0.6 ± 0.2 GeV range |l0yig| , |2(]|| , which shows that the effect of (5.6) 
involving the heavy fields on the heavy baryon mass splittings is in fact rather small. 

Before going further, we remark that the earliest treatments Q of the SU{?>) Skyrme model for the light baryons 
gave predictions which did not compare well with experiment. There were several reasons for this. The first is that 
perturbation thery was carried out only to the first order. Later, Yabu and Ando |lO| showed that the collective 
Hamiltonian with the symmetry breaker (pTO) can be diagonalized exactly, by numerical means, and the results 
were considerably improved. It was then noted ||ll| that an adequate approximation to the exact solution can be 
obtained by using perturbation theory to the second order. The results could be further improved by taking a 
kind of "strangeness cranking" [GO 19 1 into account which had the effect of increasing the strange moment of inertia 



0^ . With these improvements, quite reasonable predictions for the many baryon octet and decuplet mass splittings 
were obtained. Still, it was necessary to accept a rather large overall baryon mass (assuming that the well known 
quantities like F^^ take on their experimental values ).More recently, it has been noted j^^] that 0{N^) corrections 
are likely to lower the overall baryon mass drastically, without modifying the mass splittings. Keeping these lessons 
in mind, we will carry out perturbation theory to second order and focus our attention on mass splittings rather than 
overall masses. In fact we will see that the structural relations for the mass splittings require going beyond first order 
perturbation theory. 

Denoting the matrix elements of ( ^.10 ) between the heavy baryon states in (4.15) by i/^^, we compute the mass 
corrections as : 



Am.^HL-E-''^''"'' 



(5.11) 



^n "^a 



The possible intermediate states n which can contribute to the sum in (5.11) are determined from the SU{3) 
decompositions , 



3(g)8 = 3®6©15, 
6 8 = 3 ® 6 © 1"5 © 24. 



(5.12) 



Now, as we see from ( 4.15| ), due to the conservation of heavy spin in the effective theory, the heavy baryon states 
are also labelled by the soliton spin, Js (which can be called the spin of the light degr ee of freedom ). The {15} has 



F = I states with both / = and / = 1, so there are two different eigenstates of (4.10D, namely - (15, 0) and (15, 1 



Because H' does not alter the soliton spin, H'^ e ~ '^ ^^'^ ^^^'-' ^' ^^^^ have a vanishing matrix element between 3 and 
(15, 1). However, H' has a non- vanishing matrix element between 3 and (15,0). The required matrix elements can 
be expressed in terms of the SU{3) isoscalar factors by the formula [E7| : 



({//'}, Ylh; JMJs\Ds8{A)\{fi}, Ylh; JMJs) = 



dim fi 



8 ^ 
dim // V 00 YI 



YI 



8 



M 



00 ps 






(5.13) 



The states here correspond to t he he avy baryons in ( 4.15 ). Note that, due to the heavy spin conservation, the SU{2) 
Clebsch-Gordan coefficients in (4.15) do not show up in the final result. The needed SU{3) iso-scalar factors are given 
in ref. |28|. We then find the matrix elements in Table 1. Lastly, the "energy denominators" in (5.11) can be read off 
from (|4.10|) to be: 



m(l"5, 0) 

m{i5, 1) 

m(24, 1)- 



"^(3) = ^, 



miQ) = ^, 



™(6) = :^- 



2 
1 

15 

6^ 



(5.14) 



Putting things together gives the mass corrections for the low lying baryons containing a single heavy quark : 

Am{AQ) = --—T^P^, 
^ ^' 4 160 ^ ' 

AmiEnm = ---—T^P^, 
^ '^^ '^ 8 640 '^ ' 



10 250 

. . / ^^ T 123 

Am So 6) = 

^ ^^ ^' 20 2000 



r2/32 + _, 



a^ 



Ami^g) 



125 



r2/32 + 



(5.15) 



where the {6}-{3} splitting of 1/a^ discussed in sect. IV is also included. There is one additional prediction of the 
model. Generally, one would expect the states Sq(3) and Sq(6) to mix under a As type perturbation. However , 
because our states also conserve the soliton spin Js, this mixing cannot occur to any order in H' . To obtain the 
S(6)-S(3) mixing one must include additional terms which take account of the "hyperfine interactions". 

How well do the predictions ( 5.15 ) agree with experiments ? Considering that we have worked throughout to the 
leading order in M , it would be best to test them for the 6-baryons. However, at present, sufficient data exists only 



for the c-baryons. The J 



1 + 



states will be taken to have the masses {all in GeV) 

to(Ac) = 2.285, m(Sc(3)) = 2.470, 

to(Ec) = 2.453, TO(f7c) = 2.706. 



(5.16) 



The first three masses (averaging over members of the iso-multiplets where necessary ) were taken from the particle 
data Tables Cq], while the flc mass was taken from pffl.Only one Sc state has apparently been confirmed ; we have 



10 



assigned it to the {3} rather than {6}. The reason is that the observed state hes very far from the average of the 
Sc and the lie masses. Since the{6} is a "triangular" representation of 5^7(3), the Gell-Mann Okubo mass formula ( 
which approximately holds in the light SU{3) Skyrme model even though the second order terms are important [[ll[) 
does predict equal spacing of the levels, which would be badly contradicted by the {6} assignment of Sc(2470). 



For orientation, let us first examine the predictions of (5.15) when second order t^/3^ terms are excluded. We would 



then have the relation between the {6} and {3} splittings 

m{n^) - m(Sc) = - [m(S,(3)) - ?7i(A,)] , 
5 

which reads numerically as 0.253 = | (0.185). Clearly, first order perturbation theory is inadequate. At the second 
order, we have three known mass differences given in terms of three parameters whose range of values are known from 
the study of the light SU{3) Skyrme model : 

\ c\ )) y c) 8 640 ^ ' 

^ ^' ^ ' 20 4000 '^ a2 ^ ^ 

From these three equations we extract the parameters of the collective Hamiltonian : 

T = -0.542 Gey, a^ ^ 6.08 GeV~^ (3^ ^ AAS GeV-\ (5.18) 

We also predict the mass of the other Sc state, belonging to {6}: 

3 109 

m(EJ6)) = m(S]c) t + T^f3^ = 2.603 GeV, (5.19) 

y cy jj V c, 20 2000 ^ ' ^ ' 

which is not too far from the equal spacing prediction of 2.580 GeV. It is in fact of great interest to compare the 



parameters given in (5.18) to those obtained (see table I of pO[) by using a nearly minimal SU{3) Skyrme model for 



the light baryons including both Yabu-Ando |10[ and "iiT-cranking" improvements 

T = -^ + 0.034 = -0.635 GeV, 



^2 = 6.74 GeV""\ (3^ ^ 5.23 GeV'K (5.20) 



(We have indicated the connection between our parameter r and the parameter 7 given in |20|). Considering the fact 
that we are working in the leading M limit and the general accuracy of the Skyrme approach, the agreement between 
( ^.18 ) and (5.20) is quite encouraging. Note especially that the value of /3^ in (5. IS) is larger than that which can be 



gotten without A'-cranking . We are persuaded to believe that further improvement of the present model will be able 
to provide another useful window on non-perturbative QCD. 

The relatively simple form of the present model should facilitate the investigation of other issues including the 
relaxation of the point like treatment of the heavy mesons, fine tuning of the SU(3) symmetry breaking and the 
inclusion of the "hyperfine " interactions. It would be interesting to study the electromagnetic and weak properties 
of the heavy baryons and to examine the other channels like J^ — ^ in more detail. 

Note added: After this paper was submitted we learned of the recent interesting papers [ pO[ which discuss other 
approaches to the quantization rules for heavy quark baryons . 
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Table Caption: 



Table I : Matrix Elements in (5.11) 
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